In this project we have investigated the 5-nucleon model system in the picture of the specific alpha-state structure, by extending the Yakubovsky scheme with the inclusion of the spin and isospin degrees of freedom. The Yakubovsky formalism for the 5-nucleon system in the effective alpha-neutron attractive model leads to a set of two coupled equations, based on two relevant alpha-nucleon sub cluster components. To this regard, by switching off the fifth nucleon interactions, the 5-nucleon Yakubovsky equations can be reduced to a typical 4-nucleon problem. To calculate the 5-and 4-nucleon bound state equations, the coupled equations are projected in the momentum space in terms of the Jacobi momenta. In the calculations two different spin-dependent and one spinindependent nucleonenucleon potential types are dedicated, such as AfnaneTang S 3 , MalflieteTjon I/III and Volkov potentials, respectively. The some obtained binding energy differences between the 4-nucleon system in the alpha-state and the 5-nucleon system in the case of alpha-nucleon structure demonstrating the effective interaction between the alpha and an attractive neutron. The obtained results for the effective interaction are consistent either for spin-independent and spin-dependent interactions. Also, the binding energy results are in excellent compatibility with the achieved results by other techniques.
Introduction
Considerable interest has been already shown by both the theorists and the experimentalists in the study of alpha-nucleon interactions, as this process gives insight into nuclear structural problems and also throws some light on the basic two-body interaction. Added interest is also due to the fact that it essentially involves the study of N ¼ 5 systems. Incidentally, there is no experimental evidence, so far, for the existence of bound states of fivebaryon systems except that of 5 He. An objection to the use of simple phenomenological potentials for alphanucleon (aN) scattering arises from the fact that such these potentials allow a bound state, for the five-baryon system. In addition, it is well-known the main importance in the few-body problems are finding an exact solution for the system, also investigating aN interactions, governing on these systems. Therefore, the investigation of scattering and bound states of nuclei interacting via simple and realistic interactions particularly has been always in the center of the interest and description of light a-core nuclei, especially considering the effective aN interactions, requires well established approaches to the solution of the non-relativistic Schrodinger equation, as well as investigation of the identity of the effective aN interactions.
In recent decades, considerable effort has been made to study the effective aN interaction in the scattering analysis, such as multichannel aN and aa interactions [1] , bound-state properties of the 6 He and 6 Li in a 3-body model, with investigation of aN interactions [2] , interactions of aN in an elastic scattering [3] , a survey of the aN interaction [4] , peripheral aN scattering with NN potential [5] and microscopic calculations of 5 He with realistic interactions [6] that are very valuable in determining the extent to which nuclei may be successfully described as a system of nucleons. Beside, significant researches has been exerted to obtain accurate ground-state properties of the nuclear bound systems, particularly for N ! 4 with simple and realistic potentials, such as Stochastic Variational Monte Carlo (SVM) technique [7] which, used simplified with two-body interactions, without realistic nuclear forces and the Nonymmetrized Hyperspherical Harmonics (HH) scheme [8] appears to be pretty promising to deal with permutationalsymmetry breaking terms in the Hamiltonian. The HH computational schemes are usually based on the partial-wave (PW) method. The SVM technique, however, is made directly using with vectors in the configuration space. The achievements in [7, 8] demonstrate that a direct treatment of the 5-nucleon (5N) systems and beyond is now manageable on the todays computers. Therefore, in order to solve the 5N systems, we suggested that a generalizable and old reliable method, the solution within the Yakubovsky equations, is now desirable. Now, after the study of the four-and six-body bound systems in the case a-core structure within the powerful Yakubovsky scheme, in a typical partial-wave representation [9] and threedimensional formalism [10] that the technical expertise has been developed and the very strong increase of computational power just recently achieved allows to study the 5N model system problems in that solution of the Yakubovsky equations for the case of alphaneutron ða À nÞ model, to estimate the effective 2-body aN interaction. It is worthwhile to mention that a realistic 5N problem is not allowed for a bound state, however, in order to investigate the effective interactions, namely a-particle and an attractive nucleon we make the 5N problem for the case of a À n configuration as a bound system. Also, an objection to the use of simple phenomenological potentials for aN scattering arises from the fact that such these potentials allow a bound state, for the 5N system. Therefore, in order to investigate the effective aN interaction in the specific a À n configuration of the 5N model system, we extend the 5N Yakubovsky equations for 5 He, extending the applications to spin-dependent particles and in order to calculate the binding energy results, we evaluate the coupled equations in momentum space on the basis of partial-wave decomposition. Next, we have developed a particular representation of the high-sized eigenvalue matrix, which is methodical with respect to the number of components and well suitable for a numerical implementation. In pursuit of this aim, we investigated the accuracy of the calculations regarding the number of grid points and calculate the expectation value of the 5N Hamiltonian operator.
In this article first, we give a brief review of the 5N Yakubovsky formalism by using the standard cluster notation [11] that leads to four coupled equations with four independent components. Next, we select some specific components, where the a À n approximation is valid and work only with two coupled equations in terms of two remaining components. In order to solve the coupled equations we project these components to the corresponding partial-wave basis states based on Jacobi momenta with the inclusion of spin and isospin degrees of freedom. Next, describes details numerical techniques with typical eigenvalue equation form that characterized the dimension of the problem. Next, we introduce the relevant spin-dependent and spinindependent potential models that are used in the numerical calculations and report the binding energy results for 5N ða À nÞ and 4N (a-state) problems, with respect to the regarded obtained from other methods. Finally, we evaluate the expectation value energy for testing the accuracy of the numerical implementations and also the concluding remarks are provided.
The 5-nucleon Yakubovsky scheme in a sub cluster band
In order to show the specific a À n coupled equations, as well as the anti-symmetrized total state wave function of the effective structure for 5 He, a brief review of the Yakubovsky equations to the 5N problem using the sub clusters notation [11] is derived. In view of the expectation for the dominant structure of 5 He, namely considering an inert a-state and a bound neutron, the sequential sub clustering can be stopped with 2-body fragments. In a 5-particle system, there are ten different cluster decompositions (c 4 ) having 4 clusters. They are labeled by the only two-body cluster c 4 they contain, e.g. c 4 ¼ 12≡12 þ 3 þ 4 þ 5. In the following formalism the single particles in sub clusters will no longer be displayed. To the solution of the 5N bound system in Yakubovsky scheme using the sub clusters notation, the idea is to first sum up the pair forces in each sub cluster of 4-body fragments (c 4 ), in a second step among all sub clusters of 3-body fragments (c 3 ), and then in a third step among all sub clusters of 2-body fragments (c 2 ). In the spirit of the usually applied to approximate effective a À n configuration model, it is worked out that formalism ending with 2-body fragments sub clusters. To this end, we start from the following non-relativistic Schr€ odinger equation for 5N bound system,
where H 0 stands for the kinetic energy operator,
is the summation of the all 4-body fragments sub clusters, that is equivalent with all 2N interactions, and E is the total energy of the 5N system. According to the Yakubovsky scheme, Eq. (1.1) is rewritten into a homogenous (bound state equation) integral equation
ð1:2Þ
where ½E À H 0 À1 , stands for the 5N free propagator function and the total wave function J, includes the summation of all pair forces as follows 12;12þ34 . They are all independent 2-body fragments sub clusters of the Yakubovsky special wave functions. Also more discussions in details could be found in Ref. [13] . Therefore, the 5N Yakubovsky equations in terms of the above-mentioned four independent components yields 12;12þ34 , are related to the very approximate effective 2-body fragments model of an inert a À n and other components will not be taken into account. Therefore, to establish the expression for the total state of the a À n structure, now it is desirable to switch off irrelevant components from the total state wave function J. Therefore, the a À n structure wave function with 90 components yields In order to consider the 3N forces, in addition to the 2N interactions in the Hamiltonian form in Eq. (1.1) and to calculate the expectation value of the Hamiltonian operator, the above-mentioned total wave functions have to be used. Clearly, the above-mentioned total wave function is anti-symmetrized following the Pauli principle, i.e. J aÀn ¼ ÀP ij J aÀn . It is wellknown the first piece with 18 components has exactly the form of the total wave function of a 4N bound state problem [14] . , not only do refer to the contribution of the nucleons 1e4, but also have contribution of nucleons 5. In the next step the specific 5N coupled equations as an a À n system are represented in momentum space in terms of the Jacobi momenta.
Momentum space representation
In this section, first we explain that why we choice the specific components, namely related component with a À n configurations. Though, it is worthwhile to mention that for full solution of the general case of 5N system, we need modern super-computers with grid parallel treatment. Therefore, we should consider all of the four coupled equations, because all four independent Yakubovsky components are equally important in general case [13] . But here, we would like to study the bound state of 5N system for the case of specific a À n structure. Therefore, we choose the first two components, and the other components will not be taken into account in the specific a À n structure. Also, according to Fig. 1 , the effective interaction of a-particle is governor in the remained components (see Fig. 1 and compare with Figs. 1 and 2 in Ref. [14] ). For approximating effective interaction as a 5N effective a À n structure, we selected j It is well-known that nuclear systems should be treated in the fermionic approaches, and the Pauli principle is taken into account, even for spinless particles. Also here, we describe the spin and isospin degrees of freedom in corresponding basis states and study the 5N system in the L ¼ 1 states, Therefore, symmetrizing the special wave function that justifies this 5N system is equivalent to a one neutron around an inert a-state with isospin T ¼ 1=2 and m T ¼ À1=2 (one defines the magnetic isospin quantum numbers of the neutron À1=2), wherever the total angular momentum quantum numbers of 5 He ground state is ðL Tables 2 and 3 in Section 4). In order to describe the corresponding momentum basis states, for two specific components of the effective a À n configurations, the standard Jacobi momenta with the angular momentum, spin and isospin quantum numbers are described in Fig. 1 .
According to the above-mentioned specific configurations, Fig. 1 , after removing the contribution of the fifth nucleon in the 5N coupled equations, Eq. (2.1), namely P 45 ≡0, the 5N system leads to a typical 4N problem [14] such reduction confirms that the Yakubovsky formalism for 5N bound system in the specific structure is a valid approximation and a powerful approach to describe the effective a À n structure. Therefore, in addition to the bound state calculations of the 5N system, we also calculate the 4N bound system for comparison. In order to describe the effective Yakubovsky components of 5N system in the case of a À n structure, in momentum space representation, we introduce standard Jacobi momenta corresponding to the first two components. For j 1234 12;123 in terms of the first configuration in Fig. 1 , sets corresponding to u-set chains 0
ð2:4Þ
In the non-relativistic case we may express the kinetic energy operator by two equivalent forms. The inverse form of the above-mentioned transfer matrix is used for representation of the kinetic energy in terms of u-set Jacobi momenta. 
where k i is individual particle momentum in the center of mass situation ðK≡ P i k i ¼ 0Þ, that described by relative Jacobi momenta u i ði ¼ 1; 2; 3; 4Þ. Similarly, to j 1234 12;12þ34 in terms of the second configuration in Fig. 1, belongs 
ð2:6Þ
Correspondingly, the kinetic energy in terms of v-set Jacobi momenta, are given as
Now, we can introduce the basis states corresponding to the two specific independent components. According to Table 1 The number of partial-wave channels in low-laying states contributing to both kinds of the 5N Jacobi coordinates for
Þ are the number of the spin (isospin) states respectively, for both-set Jacobi coordinates in Fig. 1 . For u-and v-set parts the total spin and isospin are restricted to J ¼ 3=2 and T ¼ 1=2, respectively. In this regard, the results of part (I) and (II) are given according to the spin and isospin of the 5 He state, where s 5 and t 5 are fixed to be onehalf.
(I): u-set Jacobi partition s 12 1 2 Table 2 The number of coupled equations for the 5N in a partial-wave representation according to spin-isospin states ðS À TÞ that we have taken into account. N S=T is the total number of equations, where the N g u and N g v are the number of u-set and v-set channels correspondingly. Table 3 The four-and five-nucleon binding energies for spin-independent Volkov potential. where the orbital angular momenta l i go with the v i , s ij are 2N spins for nucleons ij, S are total 4N angular momenta, j 4 the total angular momentum of 5N and finally I 4 and j 5 are coupled to J, the conserved total 5N angular momentum. The isospin coupling should be obvious. For the sake of simplicity we switch off orbital angular momentum quantum numbers, though, in the numerical techniques we describe dependent on angular grid points by choosing relevant coordinate systems. By choosing the coordinate systems the orbital angular momentums of the 5N system are automatically taken into account. Clearly, both the above-mentioned basis states are orthonormal in Hilbert space. 
Numerical techniques
After evaluation of each term in the abovementioned coupled integral equations in the standard partial-wave representation, the obtained equations are the starting point for numerical calculations as an eigenvalue equation form. In order to reduce the high sized of the problem, first we choose a suitable coordinate system. We draw with the third vector V 3 with parallel to z-axis, the second vector V 2 in the xez plane and the first vector V 1 and fourth vector V 4 are arbitrary in the space. Therefore, we need ten variables to uniquely specify the geometry of the four vectors V i ði ¼ 1; …; 4Þ with three spherical and two azimuthal angles variables, and last spin variable. According to the selected coordinate system, Fig. 2 , the independent angle variables between the Jacobi momenta in both-sets are therefore given by in the above equations the b u i ðb v i Þ is individual unit vector of u i ðv i Þ. By this selection the numerical challenges of the two-and three-fold integral terms, could be resolved, because we implement the same integral-factor based on new angle factors. Therefore, we replace the old integral factors, Eqs. (A.17) and (A.26), with new factors, as follows:
ð3:3Þ
We replace the continuous variables in the numerical treatment by a dependence on certain distinct values by using the GausseLegendre discretization. The eigenvalue equation is solved by the iteration method. We use a Lanczos-like scheme that is efficient for nuclear few-body problems [9, 10, 14] . The energy is varied such that one reaches eigenvalue to be one. Since the evaluated coupled integral equations require a very large number of interpolations, we use the cubic Hermit splines of Ref. [15] for its accuracy and high computational speed. More discussions in details for numerical techniques can be found in Refs. [9, 16] .
In order to be able to match our calculations with obtained by other techniques, we have used the relevant spin-independent and also spin-dependent potential models (r is always in fm≡10 À15 m). The nucleonenucleon potential model applied in the calculations are defined as I) Spin-independent Gauss-type Volkov potential [17] . 
ð3:6Þ
The potential strengths are in MeV for Volkov and AfnaneTang and dimensionless for MalflieteTjon I/ III. The range parameters, namely exchanged pion masses are in fm À2 for Volkov and AfnaneTang and fm À1 for MalflieteTjon I/III potentials. Now, a number of the coupled equations in partial-wave representation are discussed. Previously, in the partialwave representation of the 3N bound system equations, the number of partial-wave channels had to be high, in order to achieve reasonably well enough converged energy eigenvalues, namely 18; 26; 34; 42 (N u and N v are the numbers of first and second Jacobi momenta, and N g is the number of partial-wave channels) [20] . For a realistic calculation in the 3N problem, at least N g ¼ 34 channels are required and thus the dimension of the kernel leads to N ¼ N u Â N v Â N g $ 24; 000. In contrast to the 3N system, the number of channels for the 5N and 4N bound state in the case of a-states,
principle unlimited where N gu and N gv are the numbers of g u and g v quantum number combinations respectively, even if the nucleonenucleon interaction is assumed to act only in a certain 2N states. We display adequate examples for those maximum N g u and N g v values in Table 2 . In Table 1 , the number of spin-isospin states are presented for both kinds of the Jacobi coordinates, g u and g v , as well as the number of coupled Yakubovsky equations in our partial-wave representation. The angular momentum quantum numbers do not appear explicitly in our formalism, since the basis is restricted to L ¼ 1. Therefore a number of coupled equations which are fixed according to the spinisospin states are strongly reduced.
Results

The four-and five-nucleon binding energies
In this section in order to investigate the effective interaction between a-particle and an attractive neutron we have presented the numerical results for binding energies of the 5N in the case of a À n structure, and compare with the 4N binding energies as aparticle, because the binding energy differences between specific 4N and 5N structures in such a model (a-state) refers to the value of effective interaction between a-particle and attractive neutron. The results for 4N and 5N bound-state are reported in the below tables, respectively. For spin-independent Volkov potential our numerical results for 4N and 5N binding energies yield the values À30:39 and À44:02 MeV, which as shown in Table 3 are also good agreement with those obtained from other achievements.
For spin-dependent AfnaneTang potential our numerical results for 4N and 5N binding energies yield the values À28.78 and À44.50 MeV, which as shown in Table 4 are also good compatibility with those achieved from other calculations, namely SVM [7] . Correspondingly, our numerical results for MalflieteTjon I/III with the value À30.31 MeV for 4N binding energy, is in good agreement with IDEA [26] , EIHH [27] and HH [23] .
Comparisons of our numerical results for binding energies with spin-independent and also spindependent nucleonenucleon type potentials are in reasonable agreement with the obtained of other methods in the 5N Yakubovsky calculations, and the some obtained binding energy differences between 4N ðaÞ and 5N ða À nÞ systems, demonstrates that the effective aN interaction attracts to about 13 MeV even for realistic nucleonenucleon interactions. It is worth to mention that all the scattering state calculations of effective aN interactions with standard methods, confirms the findings of the authors.
Test of the accuracy of the calculations
In order to investigate the accuracy of our numerical solution for the Yakubovsky integral equations (2.11) and (2.12), and also the calculations of the total wave function (1.10), we have calculated the expectation value of the 5N Hamiltonian 〈H〉 and compared with the calculated binding energy. The explicit form of the Table 4 The four-and five-nucleon binding energies for spin-dependent AfnaneTang potential. The angular momentum quantum numbers are labeled as ðLSÞJ p .
Method
À28.80 VAR [25] À25.654 SVM [7] À30.37 À44.27
This work À28.78 À44.50 Table 5 The four-and five-nucleon binding energies for spin-dependent MalflieteTjon I/III potential. The angular momentum quantum numbers are labeled as ðLSÞJ p .
À30.71 HH [23] À30.33
This work À30.31 À43.90 Table 6 Convergence of the eigenvalue h of Yakubovky kernel and the expectation value 〈H〉, with respect to the adequate number of mesh points in Jacobi momenta, angles and spin effects. Table 6 , the calculations of the eigenvalue h converge to the value one for the number of mesh points Jacobi momenta, angles and spin vari-
The comparison between the expectation value of the 5N Hamiltonian 〈H〉 and the eigenvalue energy E aÀn 5N shows that our both results are fair in agreement. However, the improved agreement could be achieved if we considered a larger number of mesh points in our calculations.
Concluding remarks
In this project in order to study the alpha-nucleon as an effective two-body interaction, we have solved the coupled Yakubovsky equations for the 5N and 4N bound state in the case of effective a-state structure, like 5 He and 4 He nuclei, with respect to the regarded spin and isospin degrees of freedom, which is implemented in the basis of Jacobi momentum representation. First, we formulated the coupled Yakubovsky equations for the 5N in the picture of alphaneutron structure as the anti-symmetrized function of Jacobi momenta, specially the magnitudes of the momenta and the angles between them. We expect that the coupled integral equations for a bound state can be handled in a partial-wave representation and a numerically reliable standard iteration method. In the calculations, we applied the spin-dependent potential models, i.e. AfnaneTang S3 and MalflieteTjon I/III, along with spin-independent potentials. These potentials provide reasonable results for binding energies in comparison with the other results that have been achieved in the previous calculations. In this calculation, as it can be seen, all the obtained results for the 4N binding energies are in excellent compatibility with the other results. Also, the obtained results for 5N system are in fair compatibility with the obtained results from other methods. The calculated binding energies for 4N and 5N bound systems, by three-type potentials with different behaviors, are represented in Tables 3e5. The above-mentioned simplifications naturally make our numerical calculations with deviation, in comparison with the experimental data. However, improved obtained results for the 5N and 4N system in comparison with the spin-independent calculations, with respect to the regarded applying spin-dependent nucleonenucleon potential models, show that the spin/isospin effects in the calculations play a nontrivial role in approaching the experimental data. In addition, the some obtained binding energy differences between 4N and 5N systems in such structures suggest that the effective interaction of aN occurs to about 13 MeV and is attractive. It is mentioned that all the scattering state calculations of effective aN interactions with standard methods, confirms the findings of the authors.
In order to test the accuracy of the eigenvalue results, the stability of our algorithm and partial-wave representation of Yakubovsky components have been achieved with the calculation eigenvalue of Yakubovsky kernel, where different number of mesh points for Jacobi momenta and angle variables have been used. We have also calculated the expectation value of the 5N Hamiltonian operator. This test of calculation has been done with MalflieteTjon I/III potentials and we have achieved a good compatibility between the obtained eigenvalue energy and the expectation value of the Hamiltonian operator.
Appendix.
Explicit evaluation of the coupled equations
To evaluate the coupled equations, Eqs. (2.11) and (2.12), we need to evaluate the below matrix elements in partial-wave analysis by using Pade' approximation [14] , as follows In the above-mentioned integral factors the quantity u ij ðv ij Þ is related to the angle variable between u i and u j (v i and v j ), i.e. u ij ≡cosðu i u j Þ and v ij ≡cosðv i ; v j Þ, respectively (More discussions in Section 4).
